In this paper, we obtain some findings for a non-null curve parameterized by spherical arc length. We investigate the relationship between a non-null curve with p-shape curvatures and pseudospherical curves on S 2 1 and H 2 (−1). We introduce the concept of similar helix in Minkowski 3-space E 3 1 . Besides, we explicitly determine the parametrizations of all non-lightlike self-similar curves by using the pseudo-spherical curves in E 3 1 .
Introduction
A similarity transformation (or similitude) of the Euclidean space is an automorphism preserving the angles and ratios between lengths. The geometric properties unchanged by similarity transformations is called the similarity geometry. The Euclidean geometry is actually a special case of similarity geometry. Similarity transformations are used for curve matching, which is an important research area in the computer vision and pattern recognition. Also, the recognition and pose determination of 3D objects can be represented by space curves are required for industry automation, robotics, navigation and medical applications (see [6, 22, 1, 15, 16] ). On the other hand, a self-similar object, which is exactly similar to a part of itself, recently have been a considerable issue in some areas such as fractal geometry, dynamical systems, computer networks (see [18, 9, 10, 4] ).
The broad content of similarity transformations were given by [5] in the Euclidean space. The differential geometric invariants of space curves according to the group of similarities were studied by [7] in the Euclidean 3-space. Also, the similarity geometry of Frenet curves was extended to the Eucliedan and Minkowski n-spaces by [8] and [23] , respectively. On the other hand, the studies [13] and [14] investigated the concept of helix (or cylindrical helix) and slant helix in Euclidean 3-space. The paper [2] represented the Lorentzian version of slant helix in Minkowski 3-space.
The content of paper is as follows. We give some information regarding the similarity geometry of non-null curves in E 1 ), resp.). The p-similarity transformations preserve the causal characters and angles. On the other hand, the p-similarities can also be represented by using split quaternion algebra. LetĤ be the split quaternion algebra and TĤ be the set of timelike split quaternions such that we identify E 3 1 with ImĤ. TĤ is a group under the split quaternion product. There exists a unit timelike split quaternion q by [20] such that the transformation R q : ImTĤ → ImTĤ defined by R q (r) = qrq
can be regarded as a rotation in the Minkowski 3-space. Thus, a p-similarity has the representation
for some fixed µ = 0 ∈ R and b ∈ImĤ ∼ =E
1 be a non-lightlike space curve of class C 3 and κ and τ show its curvature and torsion, respectively. The Frenet-Serret formulas of α in E 3 1 according to the arc-length parameter s are given by
where {e 1 , e 2 , e 3 } is a Frenet frame of α and ε e = e · e for 1 ≤ ≤ 3 (see [11] and [21] ). The Darboux vector of the non-lightlike curve is expressed by D (s) = ε e3 τ (s) e 1 (s) + ε e2 κ (s) e 3 (s). We suppose that D (s) is a nonlightlike vector. The normalization of Darboux vector given by
is called pseudo-spherical Darboux image of α or Lorentzian Darboux indicatrix of α. In this section, the differentiation according to s is denoted by primes. The curvature κ and torsion τ of α are given by 
The arc length functions of α and β starting at t 0 ∈ J are
Any non-lightlike curve with non-zero curvature can be reparameterized by an arc-length parameter of its tangent indicatrix called the spherical arc-length parameter of α. 1 be a non-lightlike space curve of the class C 3 parameterized by the spherical arc length parameter σ. Let κ (σ) and τ (σ) be the curvature and torsion of α, respectively. The functions
are called p-shape curvature and p-shape torsion of α. Also, the ordered pair (κ,τ ) is called a (local) p-shape of the non-lightlike curve α in the Minkowski 3-space.
The Lemma 2.1 implies that we can use the spherical arc length parameter and the p-shape of α in order to study the geometry of a non-lightlike curve under the p-similarity map. So, the derivative formulas of the curve α with respect to σ are given by
The formulas (2.8) and (2.9) are also valid for non-lightlike curve β. Additionally, the similarity invariantsκ andτ can also be founded asκ
respectively. Two non-lightlike space curves which have the same torsion and the same positive curvature are always equivalent according to a Lorentzian motion. This notion can be extended for the non-lightlike space curves which have the same p-shape curvature and p-shape torsion under a Lorentzian similarity motion in E 3 1 . We have the following existence and uniqueness theorems proved in [23] . (i) There exists σ 0 ∈ I such that α (σ 0 ) = x 0 and the Frenet-Serret frame of α at x 0 is e
Remark 2.1. We consider the pseudo-orthogonal 3-frame {e 1 /κ, e 2 /κ, e 3 /κ} , for the non-lightlike curve parameterized by σ. Then, by the equations (2.8) and (2.9) , we get
The pseudo-orthogonal frame {e 1 /κ, e 2 /κ, e 3 /κ} is invariant under the group Sim E 3 1 . Thus, we can consider the equation (2.12) as the Frenet-Serret frame of α under the Lorentzian similarity motion.
The Construction of Similar Curves
Let c : I → S 2 1 be a non-lightlike pseudo-spherical curve with the arc length parameter σ. The orthonormal frame {c (σ) , t (σ) , q (σ)} along c is called the Lorentzian Sabban frame of c if t (σ) = dc dσ is the unit tangent vector of c and q (σ) = c (σ) × t (σ) . Then, we can state the pseudo-spherical Frenet-Serret formulas of the non-lightlike curve c.
If the curve c is a timelike curve, i.e. t (σ) is timelike vector, then we have the following pseudo-spherical Frenet-Serret formulas of c:
If q (σ) is a timelike vector, then the pseudo-spherical Frenet-Serret formulas of c are given by
is a spacelike curve with the arc length parameter σ, then pseudo-spherical Frenet-Serret formulas of c are given by
is the geodesic curvature of c for three different Frenet-Serret formulas. Let k : I → R be a function of class C 1 . We can construct a non-lightlike curve α :
where a is a constant vector and b is a real constant. It can be easily seen that σ is the spherical arc length parameter of α.
Proposition 3.1. The non-lightlike curve α defined by (3.1) is a Frenet curve whose p-shape curvature and p-shape torsion are given byκ = k (σ) andτ = κ g (σ) in the Minkowski 3-space, respectively. Furthermore, all non-lightlike Frenet curves can be obtained in this way.
Proof. First, from (3.1) we can write
Then, because of the equation
we say that α is a non-lightlike Frenet curve. Using (2.10), (2.11) and (3.2) , we find
Conversely, suppose that α :
1 is a non-lightlike Frenet curve parameterized by a spherical arc length parameter σ. Denote the curvature and the torsion of α by κ (σ) and τ (σ) , respectively. Let c be the spherical indicatrix of α such that c :
Then, σ is an arc length parameter of c and using (2.9) and (3.4) we get
which is the geodesic curvature of c. If we take k (σ) =κ (σ) , then
where b 0 is a real constant and a 0 is a constant vector. Hence, we can write
Corollary 3.1. The non-lightlike pseudo spherical curve c is a pseudo-circle if and only if the corresponding non-lightlike curve defined by (3.1) is a helix.
Proof. It is obvious from the equation
Now, we shall give another relation between the pseudo-spherical curve c and the curve defined by (3.1) . For this reason, we consider the pseudo-spherical evolutes of c. The hyperbolic evolute of c :
under the assumption that κ g (σ) = ±1. Note that HE c (σ) is located in H , then it may be considered −HE c (σ) instead of HE c (σ) (see [12] ). Besides, the de Sitter evolute of a timelike curve c : I → S 
on S 2 1 (see [3] Proof. The corresponding curve α is a timelike curve because of e 1 (σ) = c (σ). Using the equation (2.3) , the pseudo-spherical Darboux image of α is
We observe that e 3 (σ) = c (σ) × dc dσ = q (σ) by the equation (3.3) . Thus, we can obtain
.
ii) Since we know
from the equation (2. 3) , it can be seen the equality
Now, we define a notion of similar helix for a non-lightlike curve parameterized by spherical arc length in the Minkowski 3-space. 
is constant.
Proof. We first assume that the curve α is a S-helix. Let v ∈ E 3 1 be a vector satisfying the equation
where c is a non-zero real constant. Then, there exist smooth functions q 2 and q 3 such that
By differentiating the vector v together (2.12) and using the constancy of v, we get 2cκdκ/dσ + cκ 2κ + ε e3 q 2 = 0,
Also, we have
The first equation of (3.8) gives q 2 = −ε e3 cκdκ/dσ and therefore we get
www.iejgeo.comby using the equation (3.9) . Then, we can find the following identity by putting q 2 and q 3 into the second equation of (3.8)
and after some computation we conclude
which means that the function (3.7) is constant . Conversely, let's assume the opposite case. If we define a vector
we get dv/dσ = 0, that is, v is a constant vector. On the other hand, α is a S-helix as we have
Forming of a Non-lightlike Curve by Its p-shape
1 be a non-lightlike curve with the spherical arc length parameter σ such that the ordered pair (κ,τ ) is p-shape of α defined by (2.7). First, we define a fixed orthonormal triad of the non-lightlike vectors e . We take one of the following differential equations depending on whether t (σ) , c (σ) or q (σ) is a timelike vector, respectively
The unique solution of one of these differential equations with initial conditions e (σ) dσ for fixed σ 1 ∈ I. Using the equation (3.1) and proposition 3.1, we can find the non-lightlike curve
passes through a point α 0 = α (σ 0 ) . Let's see an example of the non-lightlike curve constructed by above procedure.
Example 3.1. Let α : I → E 3 1 be a non-lightlike curve with p-shape (κ,τ ) = (1/σ, a) where a = 0 is real constant. We take the unit vector t (σ) as a timelike vector and choose initial conditions
Then, the system (3.10) describes a spherical timelike curve c : I → S 2 1 defined by
Because of ρ (σ) = ln σ, the parametric equation of the non-lightlike curve α is given by
, au
where u = √ 1 + a 2 σ. Case 1: Let p-shape (κ,τ ) of the α : I → E 3 1 be (0, 0) . The equation (3.13) determine the pseudo-circles which are the hyperbolas on the timelike plane and the circles on the spacelike plane.
Case 2: We let (κ,τ ) = (0, a) where a = 0 is real constant. i) We take the unit vector t (σ) as a timelike vector with the initial conditions (3.14) . Solving the equation (3.13) , we obtain the spacelike self-similar curve parameterized by
where q = √ 1 + a 2 . ii) Let the unit vector c (σ) be a timelike vector and a 2 > 1. We choose the initial conditions
Then, the system (3.11) describes a pseudo-spherical spacelike curve c :
with c (0) = e 0 1 , in the Minkowski 3-space. From the equation (3.13) , the timelike self-similar curve is given by
where n 1 = √ a 2 − 1. If we have a 2 < 1, the pseudo-spherical spacelike curve c : I → H 2 0 can be found as
with the initial conditions
so that c (0) = e 0 1 . So, we get a timelike self-similar curve given by
where n 2 = √ 1 − a 2 . iii) Let the unit vector q (σ) be a timelike vector and a 2 > 1. Choosing the initial conditions
we obtain a spacelike self-similar curve given by
Analogously, if a 2 < 1, then we get a timelike self-similar curve b n 2 cos(n 2 σ) + sin(n 2 σ) .
It is obvious that the lines are self-similar curves. Thus, we conclude that the non-lightlike self-similar curves in the Minkowski 3-space are the lines, the pseudo-circles and the curves parameterized by α i for i = 1, · · · , 5, α t , α c1 , α c2 , α q1 and α q2 . So, we have the following result. Theorem 3.2. Let α be a non-lightlike curve in E 3 1 . Then, α is a self-similar curve if and only if it is a line or pseudo-circle or similar to one of the curves α t , α c1 , α c2 , α q1 , α q2 and α i for i = 1, · · · , 5.
